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6. Ðåøåíèå äèôôåðåíöèàëüíûõ óðàâíåíèé

6.1 Îáùèå ñâåäåíèÿ

Äëÿ ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ïîëüçîâàòåëþ ïðåäëà-
ãàåòñÿ áîëüøîé íàáîð ôóíêöèé, îñíîâíîå êîëè÷åñòâî êîòîðûõ ðàñïî-
ëîæåíî â áèáëèîòåêå DEtools.

Ðåøèòü äèôôåðåíöèàëüíîå óðàâíåíèå èëè ñèñòåìó óðàâíåíèé  ìîæíî ñ
ïîìîùüþ âñòðîåííîé êîìàíäû dsolve.

Ôîðìàò êîìàíäû:
dsolve(deqns, vars) èëè
dsolve(deqns, vars, eqns),
ãäå deqns � îäíî äèôôåðåíöèàëüíîå óðàâíåíèå èëè ìíîæåñòâî óðàâíåíèé

è/èëè íà÷àëüíûõ óñëîâèé, vars � ïåðåìåííàÿ èëè ìíîæåñòâî íåèçâåñòíûõ ïå-
ðåìåííûõ, eqns � íåîáÿçàòåëüíûå âûðàæåíèÿ â ôîðìå êëþ÷åâîå ñëîâî = çíà-
÷åíèå.

Êîìàíäà dsolve ïîçâîëÿåò îïðåäåëèòü ðåøåíèå ìíîãèõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé. Ïî óìîë÷àíèþ dsolve ïîñòàðàåòñÿ íàéòè òî÷íîå ðåøåíèå
äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Îäíàêî, åñëè òî÷íîå ðåøåíèå íå ìîæåò áûòü
ïîëó÷åíî, òî ìîæíî ïîïûòàòüñÿ íàéòè ïðèáëèæåííîå ðåøåíèå ñ ïîìîùüþ
ðàçëîæåíèÿ åãî â ðÿä  (ïàðàìåòð type=series) èëè ÷èñëåííûì ìåòîäîì (ïàðà-
ìåòð type=numeric).

Ïðèìåðû:
Ðåøèì äèôôåðåíöèàëüíîå óðàâíåíèå áåç íà÷àëüíûõ óñëîâèé:

>dsolve(t*diff(y(t),t)-t^2*y(t)=cos(t),y(t) );
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Íàéäåì ïðèáëèæåííîå ðåøåíèå òîãî æå óðàâíåíèÿ ñ íà÷àëüíûìè óñëîâè-
ÿìè ïðè ïîìîùè ïàðàìåòðà type=series. ×èñëî ÷ëåíîâ ðÿäà ìîæíî èçìåíèòü,
ïðèñâîèâ ïàðàìåòðó Order òðåáóåìîå êîëè÷åñòâî ÷ëåíîâ ðÿäà:
>Order:=4;

 := Order 4

>dsolve({t*diff(y(t),t)-t^2*y(t)=sin(t),
y(0)=1},y(t),type=series);

 = ( )y t  +  +  +  + 1 t
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Âàæíî îòìåòèòü, ÷òî íà÷àëüíûå óñëîâèÿ, çàäàííûå ïðîèçâîäíûìè, çàïè-
ñûâàþòñÿ â ñëåäóþùåì âèäå, íàïðèìåð, âòîðàÿ ïðîèçâîäíàÿ îò ó â òî÷êå íîëü:
D(D(y))(0) èëè (D@@2)(y)(0).

Äëÿ ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé, ñîäåðæàùèõ ôóíêöèè Äèðà-
êà èëè Õåâèñàéäà, ìîæíî èñïîëüçîâàòü îïöèþ method=laplace. Ïðè ýòîì ïðè
ðåøåíèè äèôôåðåíöèàëüíîãî óðàâíåíèÿ áóäåò èñïîëüçîâàòüñÿ ïðåîáðàçîâà-
íèå Ëàïëàñà.

Ïðèìåð:
>DifEqn1 := diff(y(t),t$2) + 5*diff(y(t),t) +
6*y(t) = Heaviside(t);

 := DifEqn1  =  +  + 
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>dsolve({DifEqn1, y(0)=0, D(y)(0)=1}, y(t),
method=laplace);

 = ( )y t  −  + 
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Ñ ïîìîùüþ êîìàíäû dsolve ìîæíî íàõîäèòü ðåøåíèå äèôôåðåíöèàëüíî-
ãî óðàâíåíèÿ ÷èñëåííûì ìåòîäîì. Ïîëüçîâàòåëþ ïðåäëàãàåòñÿ 6 áàçîâûõ ìå-
òîäîâ. Ñëåäóåò îòìåòèòü, ÷òî êàæäûé ìåòîä èìååò îãðîìíîå êîëè÷åñòâî îï-
öèé,  ïîäðîáíóþ èíôîðìàöèþ î êîòîðûõ ìîæíî ïîëó÷èòü â ñïðàâî÷íîé ñè-
ñòåìå Maple V Release 4 èëè â êíèãå Ïðîõîðîâ Ã.Â., Ëåäåí¸â Ì. À., Êîëáååâ
Â.Â. Ïàêåò ñèìâîëüíûõ âû÷èñëåíèé Maple V. - Ì.: Êîìïàíèÿ �Ïåòèò�, 1997.
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Ïðèìåð:
>syst:=diff(y(x),x)=f(x)-y(x)-x,diff(f(x),x)= y(x):
>func := {y(x), f(x)}:
>Fout := dsolve({syst,y(0)=0,f(0)=1},func,
type=numeric,method=classical[rk4]);

 := Fout proc( )  ... endx_classical

Äàëåå ìîæíî ðàñïå÷àòàòü çíà÷åíèå ðåøåíèÿ â ëþáîé òî÷êå:
>Fout(1);

[ ], , = x 1  = ( )y x .3437314050154296  = ( )f x 1.258972078481968

Íàçâàíèå îïöèè Îïèñàíèå ìåòîäà
method=rkf45 Ìåòîä Ðóíãå−Êóòòà ÷åòâåðòîãî−ïÿòîãî

ïîðÿäêà (ïàðàìåòð ïî óìîë÷àíèþ).
method=dverk78 Ìåòîä Ðóíãå−Êóòòà ñåäüìîãî−âîñüìîãî

ïîðÿäêà.
method=classical[ìåòîä] Ñîäåðæèò íåñêîëüêî îñíîâíûõ

ìåòîäîâ:
foreuler − ïðÿìîé ìåòîä Ýéëåðà;
heunform − óñîâåðøåíñòâîâàííûé ìåòîä
Ýéëåðà;
impoly − ìîäèôèöèðîâàííûé ìåòîä
Ýéëåðà
rk2 − êëàññè÷åñêèé ìåòîä Ðóíãå−Êóòòà
âòîðîãî ïîðÿäêà;
rk3 − êëàññè÷åñêèé ìåòîä Ðóíãå−Êóòòà
òðåòüåãî ïîðÿäêà;
rk4 − êëàññè÷åñêèé ìåòîä Ðóíãå−Êóòòà
÷åòâåðòîãî ïîðÿäêà;
adambash − ìåòîä Àäàìñà−Áàøôîðäà
(ìåòîä «ïðîãíîçà»);
abmoulton − ìåòîä Àäàìñà-Ìîóëòîíà
(ìåòîä «ïðîãíîçà è êîððåêöèè»).

method=gear Îäíîøàãîâûé ìåòîä Ãèðà
method=mgear Ìíîãîøàãîâûé ìåòîä Ãèðà
method=lsode Ìåòîä ðåøåíèÿ Ëèâåðìîðà Ñòèôôà.
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6.2 Ðåøåíèå äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
÷àñòíûìè ïðîèçâîäíûìè

Äëÿ ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîä-
íûìè ñëóæèò êîìàíäà pdesolve.

Ôîðìàò êîìàíäû:
pdesolve(deqns, vars),
ãäå deqns � äèôôåðåíöèàëüíîå óðàâíåíèå ñ ÷àñòíûìè ïðîèçâîäíû-

ìè, vars � íåèçâåñòíûå ïåðåìåííûå.

Êîìàíäà pdesolve ïîçâîëÿåò íàéòè ðåøåíèÿ ìíîãèõ óðàâíåíèé ñ
÷àñòíûìè ïðîèçâîäíûìè. Ïðîèçâîëüíûå ôóíêöèè âûâîäÿòñÿ â
âèäå:_F1, _F2 è ò. ä.

Ïðèìåðû:
>pdesolve(y*diff(F(x,y),x)+x*diff(F(x,y),y)=0,
F(x,y));

 = ( )F ,x y ( )_F1 −  + x
2

y
2

>pdesolve( 3*diff(g(x,y),x,x)+7*diff(g(x,y),x
,y)=x*y, g(x,y) );

 = ( )g ,x y −  +  +  + 
7

216
x

4 1

18
x

3
y ( )_F1 y ( )_F2  − 3 y 7 x

Äëÿ ïîëó÷åíèÿ äåòàëüíîé èíôîðìàöèè î äèôôåðåíöèàëüíîì óðàâíåíèè
è ýòàïàõ åãî ðåøåíèÿ ñëåäóåò âûïîëíèòü êîìàíäó:

>infolevel[pdesolve]:=5:

È çàòåì ðåøèòü äèôôåðåíöèàëüíîå óðàâíåíèå.
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6.3 Áèáëèîòåêà DEtools
Ñîäåðæèò 17 ôóíêöèé äëÿ ðàáîòû ñ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè è

äëÿ ïîñòðîåíèÿ ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé

ÔÓÍÊÖÈß ÄÅÉÑÒÂÈÅ
Denormal Âîçâðàùàåò �íîðìàëèçîâàííóþ� ôîðìó äèôôå-

ðåíöèàëüíîãî óðàâíåíèÿ.

Deplot Ïîñòðîåíèå ãðàôèêà ðåøåíèÿ äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ èëè ñèñòåìû äèôôåðåíöèàëü-
íûõ óðàâíåíèé.

DEplot3d Ïîñòðîåíèå ðåøåíèÿ ñèñòåìû äèôôåðåíöèàëü-
íûõ óðàâíåíèé â âèäå òðåõìåðíîãî ãðàôèêà.

Dchangevar Çàìåíà ïåðåìåííûõ â îáûêíîâåííîì äèôôå-
ðåíöèàëüíîì óðàâíåíèè.

PDEchangecoords Ïåðåõîä ê äðóãîé ñèñòåìå êîîðäèíàò â äèôôå-
ðåíöèàëüíîì óðàâíåíèè â ÷àñòíûõ ïðîèçâîä-
íûõ.

PDEplot Ïîñòðîåíèå ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè.

autonomous Îïðåäåëÿåò, ÿâëÿåòñÿ ëè ñèñòåìà äèôôåðåíöè-
àëüíûõ óðàâíåíèé àâòîíîìíîé.

convertAlg Âîçâðàùàåò ñïèñîê êîýôôèöèåíòîâ äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ.

convertsys Ïðåîáðàçóåò ñèñòåìó äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ê ñèñòåìå ïåðâîãî ïîðÿäêà.

dfieldplot Ïîñòðîåíèå ïîëÿ ðåøåíèÿ äëÿ ñèñòåìû äèôôå-
ðåíöèàëüíûõ óðàâíåíèé.

phaseportrait Ïîñòðîåíèå ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ.

reduceOrder Ïðèìåíÿò ìåòîä ïîíèæåíèÿ ïîðÿäêà ê äèôôå-
ðåíöèàëüíîìó óðàâíåíèþ.
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Ôóíêöèÿ DEnormal.
Âîçâðàùàåò �íîðìàëèçîâàííóþ� ôîðìó äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

Ôîðìàò êîìàíäû:
DEnormal(des,ivar,dvar),
ãäå des � äèôôåðåíöèàëüíîå óðàâíåíèå èëè ñïèñîê èç îïåðàòîðîâ, ivar �

íåçàâèñèìûå ïåðåìåííûå, dvar � çàâèñèìûå ïåðåìåííûå.

Ïîä �íîðìàëèçàöèåé� ïîíèìàåòñÿ òî, ÷òî êîýôôèöèåíòû äèôôåðåíöè-
àëüíîãî óðàâíåíèÿ, ñïèñêà äèôôåðåíöèàëüíûõ îïåðàòîðîâ èëè ðåçóëüòàòà
âûïîëíåíèÿ êîìàíäû DEtools[convertAlg] ïðåäñòàâëÿþòñÿ â âèäå ïîëèíîìîâ.
>with(DEtools):
DE := 2*(-2*x^3)/(x-5)*y(x) + 4*(x^2)/
(x+1)*x*D(y)(x)+5*x^3/(x-1)^2*(D@@2)(y)(x) =
x*;

 := DE  = −  +  + 4
x

3
( )y x

 − x 5
4
x

3
( )( )D y x

 + x 1
5
x

3
( )( )( )D

( )2
y x

( ) − x 1
2

x

>DEnormal(DE,x,y(x));

( ) −  +  − 4 x
3

28 x
2

44 x 20
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∂
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2

6 x 4
6

x
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2

 = 

Ôóíêöèÿ DEplot
Ïîñòðîåíèå ãðàôèêà ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ èëè ñèñòå-

ìû äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ôîðìàò êîìàíäû:
DEplot(deqns, vars, trange, eqns)
DEplot(deqns, vars, trange, inits, eqns)
DEplot(deqns, vars, trange, yrange, xrange, eqns)
DEplot(deqns, vars, trange, inits, xrange, yrange, eqns),
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ãäå deqns � ñïèñîê èëè ìíîæåñòâî äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî
ïîðÿäêà èëè äèôôåðåíöèàëüíîå óðàâíåíèå ëþáîãî ïîðÿäêà, vars � çàâèñèìàÿ
ïåðåìåííàÿ, ñïèñîê èëè ìíîæåñòâî çàâèñèìûõ ïåðåìåííûõ, trange � îáëàñòü
èçìåíåíèÿ íåçàâèñèìîé ïåðåìåííîé, inits � íà÷àëüíûå óñëîâèÿ äëÿ êðèâîé
ðåøåíèÿ, yrange � îáëàñòü èçìåíåíèÿ ïåðâîé çàâèñèìîé ïåðåìåííîé, xrange
� îáëàñòü èçìåíåíèÿ âòîðîé çàâèñèìîé ïåðåìåííîé, eqns � íåîáÿçàòåëüíîå
âûðàæåíèå âèäà keyword=value.

Ïðèìåð:
>DEplot({diff(y(x),x$3)-diff(y(x),x$2)+diff
(y(x),x)=y(x)-x},{y(x)},x=-2.5..1.4,[[y(0)=1,
D(y)(0)=2,(D@@2)(y)(0)=1]],y=-4..5,stepsize
=.05);

Ôóíêöèÿ DEplot3d
Ïîñòðîåíèå ðåøåíèÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé â âèäå òðåõ-

ìåðíîãî ãðàôèêà.

Ôîðìàò êîìàíäû:
DEplot3d(deqns, vars, trange, initset, options),
DEplot3d(deqns, vars, trange, yrange, xrange, initset, options),
ãäå deqns � ñïèñîê èëè ìíîæåñòâî îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-

íåíèé, vars � çàâèñèìûå ïåðåìåííûå, trange � îáëàñòü èçìåíåíèÿ íåçàâèñè-
ìîé ïåðåìåííîé, yrange � îáëàñòü èçìåíåíèÿ ïåðâîé çàâèñèìîé ïåðåìåí-
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íîé, xrange � îáëàñòü èçìåíåíèÿ âòîðîé çàâèñèìîé ïåðåìåííîé, initset
� ìíîæåñòâî íà÷àëüíûõ óñëîâèé äëÿ êðèâîé ðåøåíèÿ, options �  íåî-
áÿçàòåëüíîå âûðàæåíèå âèäà keyword=value.

Äëÿ çàäàííîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ÷èñ-
ëåííûì ìåòîäîì ñòðîèòñÿ êðèâàÿ ðåøåíèÿ. Ïî óìîë÷àíèþ èñïîëüçóåòñÿ ìå-
òîä Ðóíãå � Êóòòà 4-ãî ïîðÿäêà. Ñëåäóåò îòìåòèòü ÷òî â ñèñòåìå äîëæíà áûòü
òîëüêî îäíà íåçàâèñèìàÿ ïåðåìåííàÿ.

Ïðèìåð:
>DEplot3d({diff(x(t),t)=-sin(t),diff(y(t),t)=
cos(t)},{y(t),x(t)},t=-2*Pi..0,[[y(0)=0,x(0)=1]
]);

Ôóíêöèÿ Dchangevar
Çàìåíà ïåðåìåííûõ â îáûêíîâåííîì äèôôåðåíöèàëüíîì óðàâíåíèè.

Ôîðìàò êîìàíäû:
Dchangevar(trans, deqns, c_ivar, n_ivar),
Dchangevar(tran1, tran2, ..., tranN, deqns, c_ivar, n_ivar),
ãäå trans � ñïèñîê èëè ìíîæåñòâî âûðàæåíèé, ïîäñòàâëÿåìûõ â óðàâíå-

íèå, tran1, tran2, ..., tranN � âûðàæåíèÿ, ïîäñòàâëÿåìûå â óðàâíåíèå, deqns �
äèôôåðåíöèàëüíîå óðàâíåíèå, c_ivar � èìÿ ñóùåñòâóþùåé íåçàâèñèìîé ïå-
ðåìåííîé, n_ivar � èìÿ íîâîé íåçàâèñèìîé ïåðåìåííîé (íåîáÿçàòåëüíûé
ïàðàìåòð).

Ñ ïîìîùüþ äàííîé êîìàíäû ìîæíî ïðîâåñòè çàìåíó ïåðåìåííûõ â äèô-
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ôåðåíöèàëüíîì óðàâíåíèè èëè ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé.
Âîçìîæíû òðè ñèòóàöèè:
1. Èçìåíåíèå èìåíè çàâèñèìîé ïåðåìåííîé. Ýòî îçíà÷àåò èçìåíåíèå çà-

âèñèìîé ïåðåìåííîé. Îäíàêî íåçàâèñèìàÿ ïåðåìåííàÿ íå èçìåíÿåòñÿ.
2. Çàìåíà íåçàâèñèìîé ïåðåìåííîé. Ïðè ýòîì ñòàðàÿ ïåðåìåííàÿ áóäåò

çàìåíåíà íîâûì âûðàæåíèåì.
3. Èçìåíåíèå çàâèñèìîé ïåðåìåííîé íà ïåðåìåííóþ, çàâèñÿùóþ îò äðó-

ãèõ àðãóìåíòîâ.
Ïðèìåðû:

Ïðåîáðàçîâàíèÿ, îïèñàííûå â ïóíêòå 1:
>Dchangevar(m(x)=l(x)*sin(x),n(x)=k(x),[D(m)(x)=m(x),
(D@@2)(n)(x)=n(x)^2],x);

[ ], =  + ( )( )D l x ( )sin x ( )l x ( )cos x ( )l x ( )sin x  = ( )( )( )D
( )2

k x ( )k x
2

Ïðåîáðàçîâàíèÿ, îïèñàííûå â ïóíêòå 2:
>Dchangevar(t=arctan(tau),diff(x(t),t)=sin(t),t,tau);

 = ( )( )D x ( )arctan τ ( )sin ( )arctan τ

Ïðåîáðàçîâàíèÿ, îïèñàííûå â ïóíêòå 3:
>Dchangevar(x(t)=L*y(phi),diff(x(t),t$3) =
tan(t),t,phi);

 = 
∂

∂3

φ
3
L ( )y φ ( )tan φ

Ôóíêöèÿ PDEchangecoords
Ïåðåõîä ê äðóãîé ñèñòåìå êîîðäèíàò â äèôôåðåíöèàëüíîì óðàâíåíèè â

÷àñòíûõ ïðîèçâîäíûõ.
Ôîðìàò êîìàíäû:

PDEchangecoords(pdes, c_ivar, c_name, n_ivar),
ãäå pdes � äèôôåðåíöèàëüíîå óðàâíåíèå ñ ÷àñòíûìè ïðîèçâîäíûìè

èëè ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé, c_ivar � ñïèñîê ñóùåñòâó-
þùèõ íåçàâèñèìûõ ïåðåìåííûõ, c_name � èìÿ íîâîé ñèñòåìû êîîðäè-
íàò, n_ivar � ñïèñîê íîâûõ íåçàâèñèìûõ ïåðåìåííûõ (íåîáÿçàòåëüíûé
ïàðàìåòð).
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Îñóùåñòâëÿåòñÿ ïåðåõîä ê íîâîé ñèñòåìå êîîðäèíàò â òåðìèíàõ ÷à-
ñòíîãî äèôôåðåíöèðîâàíèÿ. Äëÿ äâóõìåðíûõ ñèñòåì âîçìîæåí ïåðå-
õîä ê 14 íîâûì ñèñòåìàì. Âîò íåêîòîðûå èç íèõ:

bipolar � áèïîëÿðíàÿ;
hyperbolic � ãèïåðáîëè÷åñêàÿ;
logarithmic � ëîãàðèôìè÷åñêàÿ;
parabolic � ïàðàáîëè÷åñêàÿ;
polar � ïîëÿðíàÿ.

Äëÿ òðåõìåðíûõ ñèñòåì âîçìîæíà òðàíñôîðìàöèÿ â 29 íîâûõ ñèñòåì êî-
îðäèíàò. Âîò ëèøü íåêîòîðûå èç íèõ:

conical � êîíè÷åñêàÿ;
cylindrical � öèëèíäðè÷åñêàÿ;
spherical � ñôåðè÷åñêàÿ;
toroidal � òîðîèäàëüíàÿ.

Äëÿ ïîëó÷åíèÿ áîëüøåé èíôîðìàöèè î ñèñòåìàõ êîîðäèíàò ñëåäóåò îáðà-
òèòüñÿ ê ñïðàâî÷íîé ñèñòåìå Maple V ïî êëþ÷åâîìó ñëîâó �coords�.

Ïðèìåðû:
>PDEchangecoords(diff(z(x,y),x),[x,y],polar);

 − ( )cos y






∂

∂
x

( )z ,x y x ( )sin y






∂

∂
y

( )z ,x y

x

Ôóíêöèÿ PDEplot
Ïîñòðîåíèå ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîä-

íûõ.
Ôîðìàò êîìàíäû:

PDEplot(pdiffeq, vars, i_curve, srange, options),
PDEplot(pdiffeq, vars, i_curve, srange, xrange, yrange, urange, options),
ãäå pdiffeq � äèôôåðåíöèàëüíîå óðàâíåíèå ñ ÷àñòíûìè ïðîèçâîä-

íûìè ïåðâîãî ïîðÿäêà, vars � çàâèñèìûå ïåðåìåííûå, i_curve � íà÷àëü-
íûå óñëîâèÿ, srange � îáëàñòü èçìåíåíèÿ ïàðàìåòðîâ íà÷àëüíûõ óñ-
ëîâèé , xrange � îáëàñòü èçìåíåíèÿ ïåðâîé íåçàâèñèìîé ïåðåìåííîé,
yrange � îáëàñòü èçìåíåíèÿ âòîðîé íåçàâèñèìîé ïåðåìåííîé, urange �
îáëàñòü èçìåíåíèÿ çàâèñèìîé ïåðåìåííîé.

Äëÿ óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè ñòðîèòñÿ êðèâàÿ ðåøå-
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íèÿ. Íåîáõîäèìî ïîìíèòü, ÷òî íà÷àëüíûå óñëîâèÿ çàäàþòñÿ â âèäå
ñïèñêà èç òðåõ ýëåìåíòîâ, êîòîðûå îçíà÷àþò ïàðàìåòðè÷åñêóþ ôîðìó
êðèâîé â òðåõìåðíîì ïðîñòðàíñòâå.
Ïðèìåð:
>PDEplot(D[1](u)(x,y)+cos(2*x)*D[2](u)(x,y)=-

sin(y),u(x,y),[0,s,1+s^2],s=-2..2);Ôóíêöèÿ autonomous
Îïðåäåëÿåò, ÿâëÿåòñÿ ëè ìíîæåñòâî äèôôåðåíöèàëüíûõ óðàâíåíèé àâòî-

íîìíûì.
Ôîðìàò âûçîâà:

autonomous(des,vars,ivar),
ãäå des � äèôôåðåíöèàëüíîå âûðàæåíèå (èëè ìíîæåñòâî), vars � ñïèñîê

èëè ìíîæåñòâî çàâèñèìûõ ïåðåìåííûõ, ivar � ñïèñîê èëè ìíîæåñòâî íåçàâè-
ñèìûõ ïåðåìåííûõ.

Ïðèìåð:
>autonomous(sin(z(t)-z(t)^2)*(D@@4)(z)(t)-cos
(z(t))-5,z,t);

true

Ôóíêöèÿ convertAlg
Âîçâðàùàåò ñïèñîê êîýôôèöèåíòîâ äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

Ôîðìàò âûçîâà:
convertAlg(des,dvar),
ãäå des � äèôôåðåíöèàëüíîå âûðàæåíèå, dvar � çàâèñèìàÿ ïåðåìåííàÿ.
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Ïðèìåð:
>convertAlg(diff(x(t),t)*sin(t)+5*x(t)=cos(t),x(t));

[ ],[ ],5 ( )sin t ( )cos t

Ôóíêöèÿ convertsys

Ïðåîáðàçóåò ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé ê ñèñòåìå ïåðâîãî
ïîðÿäêà.
Ôîðìàò êîìàíäû:

convertsys(deqns, inits, vars, ivar, yvec, ypvec),
ãäå deqns � îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå, ñèñòåìà èëè ìíî-

æåñòâî äèôôåðåíöèàëüíûõ óðàâíåíèé, inits � ìíîæåñòâî èëè ñïèñîê íà÷àëü-
íûõ óñëîâèé, vars � çàâèñèìàÿ ïåðåìåííàÿ èëè ïåðåìåííûå â ñèñòåìå,  ivar �
íåçàâèñèìûå ïåðåìåííûå, yvec � èìÿ, êîòîðîå áóäåò èñïîëüçîâàòüñÿ äëÿ âåê-
òîðà ðåøåíèÿ â ñèñòåìå ïåðâîãî ïîðÿäêà, ypvec � òîæå ñàìîå äëÿ åãî ïðîèç-
âîäíîé.

Ôóíêöèÿ ïðåîáðàçóåò îäíî óðàâíåíèå èëè ñèñòåìó äèôôåðåíöèàëüíûõ
óðàâíåíèé ê ñèñòåìå ïåðâîãî ïîðÿäêà. Ñîîòâåòñòâóþùèå íà÷àëüíûå óñëîâèÿ
òàêæå ïðåîáðàçóþòñÿ.

Âûõîäíîé ñïèñîê èìååò âèä:
[eqnlist, Ydefs, x0, Y0], ãäå  eqnlist � ñïèñîê âûðàæåíèé âèäà Y'(x) = f(x,Y(x)),

Ydefs � âåêòîð íåèçâåñòíûõ ïàðàìåòðîâ â ñèñòåìå, x0 � òî÷êàâ êîòîðîé îïðå-
äåëåíû íà÷àëüíûå óñëîâèÿ, Y0 � çíà÷åíèÿ íà÷àëüíûõ óñëîâèé.

Ïðèìåð:
> deq1:=diff(y(t),t$2)=y(t)-x(t), diff(x(t) ,
t) = x(t):
>  init1 := y(0) = 1, D(y)(0) = 2, x(0) = 3:
>  convertsys({deq1}, {init1}, {x(t), y(t)}, t,
y, y_p);







, , ,[ ], , = Y_p1 Y1  = Y_p2 Y3  = Y_p3  + Y2 Y1







, , = Y1 ( )x t  = Y2 ( )y t  = Y3 ∂

∂
t

( )y t 0 [ ], ,1 0 1

Ôóíêöèÿ dfieldplot

Ïîñòðîåíèå ïîëÿ ðåøåíèÿ äëÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé.
Ôîðìàò êîìàíäû:

àíàëîãè÷åí êîìàíäå DEplot.
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Ïðèìåð:
>dfieldplot(diff(y(x),x)=1/2*(-x-(x^2+4*y(x))
^(1/2)),y(x),x=-3..3,y=-3..2);

Ôóíêöèÿ phaseportrait
Ïîñòðîåíèå ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

Ôîðìàò êîìàíäû:
àíàëîãè÷åí êîìàíäå DEplot.
Ïðèìåð:
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Ôóíêöèÿ reduceOrder
Ïðèìåíÿò ìåòîä ïîíèæåíèÿ ïîðÿäêà ê äèôôåðåíöèàëüíîìó óðàâíåíèþ.

Ôîðìàò âûçîâà:
reduceOrder(des,dvar,partsol, solutionForm),
ãäå des � îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå, dvar � çàâèñèìàÿ

ïåðåìåííàÿ, partsol � îäíî èç ðåøåíèé äèôôåðåíöèàëüíîãî óðàâíåíèÿ èëè
ñïèñîê èç íåñêîëüêèõ ðåøåíèé, solutionForm � ôëàã, îçíà÷àþùèé, ÷òî áóäåò
âûâåäåíî òî÷íîå ðåøåíèå.

Åñëè íå èñïîëüçóåòñÿ ôëàã solutionForm, òî áóäåò íàéäåíî äèôôåðåíöè-
àëüíîå óðàâíåíèå áîëåå íèçêîãî ïîðÿäêà, åñëè ôëàã solutionForm óñòàíîâèòü
â çíà÷åíèå basis, òî áóäåò ïðèìåíåí ìåòîä ïîíèæåíèÿ ïîðÿäêà äëÿ ðåøåíèÿ
äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

Ïðèìåð:
>de := diff(y(x),x$3) - 6*diff(y(x),x$2) + 11*
diff(y(x),x) - 6*y(x);

 := de  −  +  − 










∂

∂3

x
3

( )y x 6











∂

∂2

x
2

( )y x 11






∂

∂
x

( )y x 6 ( )y x

>sol := exp(x);

 := sol e
x

>reduceOrder( de, y(x), sol);

 −  + 










∂

∂2

x
2

( )y x 3






∂

∂
x

( )y x 2 ( )y x

Äëÿ ðåøåíèÿ óðàâíåíèÿ âîñïîëüçóåìñÿ ïàðàìåòðîì basis:
>reduceOrder( de, y(x), sol, basis);







, ,e

x
e

( )2 x 1

2
e

( )3 x
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6.4 Ïðèìåð èç òåîðèè àâòîìàòè÷åñêîãî óïðàâëåíèÿ

Â òåîðèè àâòîìàòè÷åñêîãî óïðàâëåíèÿ (ÒÀÓ) øèðîêî èñïîëüçóþòñÿ
âðåìåííûå õàðàêòåðèñòèêè èññëåäóåìîé ñèñòåìû óïðàâëåíèÿ. Îäíà èç
òàêèõ õàðàêòåðèñòèê � èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ (ÈÏÔ), êî-
òîðàÿ ïîêàçûâàåò ðåàêöèþ ñèñòåìû íà èìïóëüñíîå âîçäåéñòâèå (ò.å.
âõîäíîé ñèãíàë � äåëüòà-ôóíêöèÿ).

Â êà÷åñòâå ïðèìåðà ïîñòðîèì ÈÏÔ ëèíåéíîé íåñòàöèîíàðíîé ñèñòåìû
óïðàâëåíèÿ.

Ðàññìîòðèì ïðîñòåéøóþ ñèñòåìó � êîëåáàòåëüíîå çâåíî ñ èçìåíÿþùè-
ìèñÿ âî âðåìåíè ïàðàìåòðàìè:
> restart:
> xi:=sin(t): T1:=0.6*(1.22^t+0.01):

Îïèøåì ñèñòåìó óïðàâëåíèÿ äèôôåðåíöèàëüíûì óðàâíåíèåì:
> eq:=T1*diff(x(t),t$2)+xi*diff(x(t),t)+x(t)=
10*Heaviside(t-tau);

 := eq  =  +  + ( ) + .6 1.22
t

.006










∂

∂2

t
2

( )x t ( )sin t






∂

∂
t

( )x t ( )x t 10 ( )Heaviside  − t τ

ãäå t � òåêóùåå âðåìÿ;
τ � âðåìÿ ïîñòóïëåíèÿ íà âõîä ñèñòåìû âîçäåéñòâèÿ.

Ïðèìå÷àíèå: èç-çà îñîáåííîñòåé ôóíêöèè dsolve â êà÷åñòâå âõîäíîãî
âîçäåéñòâèÿ èñïîëüçóåòñÿ åäèíè÷íàÿ ôóíêöèÿ. Ïîñëå ðå-
øåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ â êà÷åñòâå ðåçóëü-
òàòà íàäî áðàòü íå ôóíêöèþ x(t), à åå ïåðâóþ ïðîèçâîä-
íóþ ïî âðåìåíè.

Ò.ê. êîýôôèöèåíòû äèôôåðåíöèàëüíîãî óðàâíåíèÿ çàâèñÿò îò âðåìåíè, òî
ðåøèòü òàêîå óðàâíåíèå ìîæíî òîëüêî ÷èñëåííûì ìåòîäîì.
> r:=dsolve({eq,x(0)=0,D(x)(0)=0},x(t),
type=numeric);

 := r proc( )  ... endrkf45_x

Ïîñòðîèì äâå ÈÏÔ äëÿ ðàçíûõ çíà÷åíèé τ:
> tau:=0:
> pp1:=plots[odeplot](r,[t,diff(x(t),t)],
0..10):
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> tau:=5:
> pp2:=plots[odeplot](r,[t,diff(x(t),t)],0..10):
> plots[display]({pp1,pp2},title=`ÈÏÔ`);

À òåïåðü ïîñòðîèì âñþ ÈÏÔ äëÿ çàäàííîé ñèñòåìû. Ðàññìàòðèâàåìàÿ
ñèñòåìà íåñòàöèîíàðíàÿ, ïîýòîìó ÈÏÔ çàâèñèò îò äâóõ ïåðåìåííûõ: t è τ.
Ñëåäîâàòåëüíî, ãðàôèê ÈÏÔ ïîëó÷èòñÿ òðåõìåðíûì, ïðè÷åì, â ñëåäñòâèå ëè-
íåéíîñòè ñèñòåìû ïîâåðõíîñòü áóäåò ãëàäêîé.

> a:=array(0..20,0..20);

 := a ( )array , , .. 0 20  .. 0 20 [ ]

> for x from 0 to 20 do
> for y from 0 to 20 do
> tau:=x/2:
> a[x,y]:=rhs(op(3,r(y/2))):
> od:
> od:

> lst:= [seq([seq( [i/2,j/2,a[i,j]], i=0..20)],
j=0..20)]:
> with(plots):
> surfdata(lst,axes = framed,labels =
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[`Tau`,`t`,`k(t,Tau)`],orientation=[55,55],
style=patch,title=`ÈÏÔ`);


