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4. Ðåøåíèå ëèíåéíûõ è íåëèíåéíûõ óðàâíåíèé
è ñèñòåì

4.1 Ñèìâîëüíûå âû÷èñëåíèÿ

Äëÿ àíàëèòè÷åñêîãî ðåøåíèÿ ëèíåéíûõ è íåëèíåéíûõ óðàâíåíèé
è ñèñòåì ñëóæèò êîìàíäà solve(eqn,per), ãäå eqn - ìíîæåñòâî óðàâíå-
íèé, à per - ìíîæåñòâî ïåðåìåííûõ. Íàïîìíèì, ÷òî ìíîæåñòâî - ñîâî-
êóïíîñòü ðàçäåëåííûõ çàïÿòûìè îáúåêòîâ, âçÿòàÿ â ôèãóðíûå ñêîáêè.
Åñëè ïåðåìåííûå íå îïðåäåëåíû, òî Maple V íàéäåò ðåøåíèå äëÿ âñåõ
íåèçâåñòíûõ, óïîìÿíóòûõ âî ìíîæåñòâå óðàâíåíèé.

 Íàïðèìåð, ðàññìîòðèì  ñèñòåìó  èç òðåõ ëèíåéíûõ  óðàâíåíèé.
> eqs1:={x+2*y+3*z=6,5*x+5*y+4*z=1,3*y+4*z=1};

 := eqs1 { }, , =  +  + x 2 y 3 z 6  =  +  + 5 x 5 y 4 z 1  =  + 3 y 4 z 1

> a1:=solve(eqs1, {x,y,z});

 := a1 { }, , = x
42

13
 = z

82

13
 = y

-105

13

Ìû âèäèì, ÷òî ðåçóëüòàòîì ðåøåíèÿ ÿâëÿåòñÿ òàêæå ìíîæåñòâî, êàæ-
äûé ýëåìåíò êîòîðîãî äîñòóïåí îáû÷íûì îáðàçîì. Íàïðèìåð, íàéäåì
ïðèáëèæåííîå ðåøåíèå y, ñ òî÷íîñòüþ äî ÷åòâåðòîãî çíàêà.
> evalf(subs(a1,y),4);

-8.077
Â ñëåäóþùåì ïðèìåðå ìû óâèäèì, ÷òî ðåçóëüòàòîì âûïîëíåíèÿ ìî-

ãóò áûòü îäíî èëè íåñêîëüêî ðåøåíèé.

Ïðèìåð 1 ( Maple V âûäàåò îäíî ðåøåíèå ):
> eqs5:={2*x*y=1,x+z=0,2*x-3*z=2};

 := eqs5 { }, , = 2 x y 1  =  + x z 0  =  − 2 x 3 z 2

> solve(eqs5,{x,y,z});

{ }, , = x
2

5
 = y

5

4
 = z

-2

5

Ïðîâåðèì ìåòîäîì ïîäñòàíîâêè ïðàâèëüíîñòü ðåøåíèÿ ñèñòåìû. Äëÿ ýòî-
ãî âîñïîëüçóåìñÿ êîìàíäîé subs. Çäåñü ìû èñïîëüçóåì ïðèíÿòûå îáîçíà÷å-



5 4 Ãëàâà 4

© Ïðîõîðîâ Ã.Â., Êîëáååâ Â.Â., Æåëíîâ Ê.È., Ëåäåíåâ Ì.À., 1998
 «Ìàòåìàòè÷åñêèé ïàêåò Maple V Release 4».
Ïðè ïåðåïå÷àòêå ññûëêà íà ïåðâîèñòî÷íèê îáÿçàòåëüíà.

íèÿ �� ïîñëåäíåå  è  ��� ïðåäïîñëåäíåå.
> subs(�,��);

{ }, , = 1 1  = 2 2  = 0 0

Ïðèìåð 2 (ðåøåíèé ìíîãî):
>eqs6:={x+y+z=6,x^2+y^2+z^2=14,x^3+y^3+z^3=36};

 := eqs6 { }, , =  +  + x y z 6  =  +  + x
2

y
2

z
2

14  =  +  + x
3

y
3

z
3

36

> solve(eqs6,{x,y,z});
{y = 1, z = 2, x = 3}, {y = 1, z = 3, x = 2}, {y = 2, z = 1, x = 3}, {z = 3, y

= 2, x = 1}, {z = 1, y = 3, x = 2}, {z = 2, y = 3, x = 1}
Ðàññìîòðèì ñëåäóþùèé ïðèìåð. Íàéäåì ðåøåíèå íåëèíåéíîãî óðàâíå-

íèÿ ln(x) � 2x(ln(x) � 1)=0:
> eqn3:=ln(x)-2*x*(ln(x) � 1);

 := eqn3  − ( )ln x 2 x ( ) − ( )ln x 1

Ñëåäóåò îòìåòèòü, ÷òî âûðàæåíèå eqn3 ìû íå ïðèðàâíèâàëè ê íóëþ,  ò. ê.
ýòî ïðîèñõîäèò ïî óìîë÷àíèþ â êîìàíäå solve.
> a3:=solve(eqn3,x);

 := a3 e

( )RootOf −  +  − _Z 2 _Z e
_Z

2 e
_Z

Èíîãäà Maple V íå óäàåòñÿ íàéòè îòâåòà â ñèìâîëüíîì âèäå, èëè ñèñòåìà
ìîæåò âûäàâàòü åãî â íåÿâíîé ôîðìå (êàê â ïðåäûäóùåì ïðèìåðå).  Â ýòîì
ñëó÷àå ìîæíî ïîïðîáîâàòü íàéòè ðåøåíèå â ÷èñëåííîì âèäå.

4.2 ×èñëåííûå âû÷èñëåíèÿ

Äëÿ ðåøåíèÿ óðàâíåíèé ÷èñëåííûìè ìåòîäàìè ñëóæèò êîìàíäà
fsolve:
> a3:=fsolve(eqn3,x);

 := a3 3.258475747

Â êà÷åñòâå ñëåäóþùåãî ïðèìåðà ïîïðîáóåì íàéòè êîðíè ïîëèíî-
ìà ïÿòîé ñòåïåíè.
> poly := 205*x^5 + 140*x^4 + 70*x^2 + 5*x:

Äëÿ îáûêíîâåííîãî óðàâíåíèÿ êîìàíäà fsolve âû÷èñëÿåò êàê ìèíèìóì
îäèíî÷íûé ðåàëüíûé êîðåíü. Äëÿ ïîëèíîìà îíà âû÷èñëèò âñå ðåàëüíûå (íå-
ñëîæíûå) êîðíè, õîòÿ èñêëþ÷èòåëüíî ïëîõî îáóñëîâëåííûå ïîëèíîìû ìîãóò
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çàñòàâëÿòü fsolve ïðîïóñêàòü íåêîòîðûå êîðíè.
Äëÿ îïðåäåëåíèÿ ðåæèìà âû÷èñëåíèÿ êîðíåé èñïîëüçóþò ñëåäóþ-

ùèå îïöèè:
complex � íàõîäèò âñå êîìïëåêñíûå êîðíè.
fulldigits � ýòà îïöèÿ îãðàíè÷èâàåò êîìàíäó fsolve îò âûïîëíå-

íèÿ ïðîìåæóòî÷íûõ âû÷èñëåíèé ÷èñåë  âûñîêèõ ïî-
ðÿäêîâ. Ñ ýòîé îïöèåé fsolve ìîæåò ðåøèòü ïëîõî
îáóñëîâëåííûå çàäà÷è, íî ðåøåíèå çàéìåò íåñêîëüêî
áîëüøåå êîëè÷åñòâî âðåìåíè.

maxsols=n � íàõîäèò n íàèìåíüøèõ êîðíåé. Ýòà îïöèÿ ïðèìåíÿ-
åòñÿ òîëüêî äëÿ ïîëèíîìà, ó êîòîðîãî áîëüøå ÷åì
îäèí êîðåíü.

interval � îïðåäåëÿåòñÿ òàê: a .. b èëè x = a .. b èëè {x=a .. b, y=c
..d, ...}. Ïîèñê êîðíåé âåäåòñÿ òîëüêî â äàííîì èíòåð-
âàëå.

Äëÿ çàäàííîãî âûøå ïîëèíîìà poly íàéäåì òðè íàèìåíüøèõ êîð-
íÿ.
> fsolve( poly, x, maxsols=3 );

0, -1., -.07079255936
À òåïåðü íàéäåì âñå êîðíè ïîëèíîìà poly íà èíòåðâàëå îò -0.5 äî 0.

> fsolve(poly, x,-0.5..0);
0, -.07079255936

4.3 Öåëî÷èñëåííûå âû÷èñëåíèÿ

Ïðîöåäóðà isolve (eqn,vars) ðåøàåò óðàâíåíèÿ, â êîòîðûõ ïðèñóò-
ñòâóþò òîëüêî öåëûå ÷èñëà. Îíà íàõîäèò âñå êîðíè óðàâíåíèÿ.

Íåîáÿçàòåëüíûé âòîðîé ïàðàìåòð vars èñïîëüçóåòñÿ, ÷òîáû çàäàòü èìåíà
ãëîáàëüíûì ïåðåìåííûì, êîòîðûå èìåþò öåëî÷èñëåííûå çíà÷åíèÿ è èñïîëü-
çóþòñÿ â ðåøåíèè. Åñëè ââåäåí òîëüêî îäèí ïàðàìåòð (eqn), ãëîáàëüíûå ïåðå-
ìåííûå èìåþò èìåíà  _N1, _N2, è ò. ä.. Íàïðèìåð:
> isolve(2*x-5*y=8);

{x = 4 + 5 _N1, y = 2 _N1}
> isolve(x^2=3);

Isolve âîçâðàùàåò çíà÷åíèå NULL, åñëè íå èìååòñÿ íèêàêèõ öåëî-
÷èñëåííûõ ðåøåíèé èëè Maple íåñïîñîáåí íàéòè ðåøåíèÿ.
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4.4 Ðåêóððåíòíûå âûðàæåíèÿ

Äëÿ  ðåêóððåíòíûõ âûðàæåíèé èñïîëüçóåòñÿ êîìàíäà rsolve.
> rsolve(f(n) =  � 3*f(n � 1)  �  2*f(n � 2),
f(k));

 + ( ) + 2 ( )f 0 ( )f 1 ( )-1
k

( )−  − ( )f 0 ( )f 1 ( )-2
k

> rsolve(f(n) = 3*f(n/2) + 5*n, f(n));

 + ( )f 1 n









( )ln 3

( )ln 2
n









( )ln 3

( )ln 2











−  + 15








2

3







 + 

( )ln n

( )ln 2
1

10

> rsolve(t(b*n) = a*t(n) + n, t(m));

 + ( )t 1 m









( )ln a

( )ln b
m









( )ln a

( )ln b











−  + 









b

a







 + 

( )ln m

( )ln b
1

a

b ( )−  + b a

1

−  + b a

4.5 Ðåøåíèå ñèñòåì ëèíåéíûõ óðàâíåíèé

Äëÿ ðåøåíèÿ ñèñòåì ëèíåéíûõ óðàâíåíèé âûñîêèõ ïîðÿäêîâ ìîæ-
íî èñïîëüçîâàòü êîìàíäó linsolve(A,B), ãäå À[n*m] - ìàòðèöà êî-
ýôôèöèåíòîâ ñèñòåìû óðàâíåíèé èç m - óðàâíåíèé è n - íåèçâåñòíûõ;
B - ìàòðèöà (âåêòîð) ñâîáîäíûõ ÷ëåíîâ ñèñòåìû óðàâíåíèé; X -  ìàò-
ðèöà (âåêòîð) íåèçâåñòíûûõ ïàðàìåòðîâ. Äåéñòâèå êîìàíäû ïðîäåìîí-
ñòðèðóåì íà ïðèìåðå ðåøåíèÿ ñèñòåìû eqs1, ñîñòîÿùåé èç òðåõ ëèíåé-
íûõ  óðàâíåíèé:
> with(linalg):
Warning, new definition for norm
Warning, new definition for trace
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> A:=matrix([[1,2,3],[5,5,4],[0,3,4]]);

 := A













1 2 3

5 5 4

0 3 4

> B:=vector([6,1,1]);
B := [6, 1, 1]

> X:=linsolve(A,B);

 := X






, ,

42

13

-105

13

82

13

Êàê âèäèì, ðåçóëüòàò òîò æå, ÷òî è ïðè ðåøåíèè ñèñòåìû ñ ïîìî-
ùüþ êîìàíäû solve (â íà÷åëå ãëàâû). Âûèãðûø âî âðåìåíè ïðè ðåøå-
íèè ñèñòåìû òðåòüåãî ïîðÿäêà íå îùóòèì. Îäíàêî, ðåøåíèå ñèñòåì âû-
ñîêèõ ïîðÿäêîâ (áîëåå 20-ãî) êîìàíäàìè solve, fsolve ìîæåò çàíèìàòü
íåêîòîðîå âðåìÿ. Óìåíüøèòü åãî ïîìîæåò âûøåîïèñàííûé ìåòîä. Ïðè
ýòîì, â áèáëèîòåêå linalg ñóùåñòâóåò âîçìîæíîñòü ïðèâåäåíèÿ ìàòðè-
öû À ê ðàçëè÷íûì ñïåöèàëüíûì ôîðìàì, ÷òî åùå ìîæåò óâåëè÷èòü ñêî-
ðîñòü ïîèñêà ðåøåíèÿ. Ïîäðîáíåå � ñìîòðèòå áèáëèîòåêó linalg.

4.6 Ðåøåíèå íåðàâåíñòâ

Ðåøèòü íåðàâåíñòâà ïîìîæåò óæå èçâåñòíàÿ êîìàíäà solve. Èñïîëü-
çîâàíèå ýòîé êîìàíäû àíàëîãè÷íî êàê è ïðè ðåøåíèè óðàâíåíèé:
> solve( x^2+6*x+9>5, x);

,( )RealRange ,−∞ ( )Open −  − 3 5 ( )RealRange ,( )Open −  + 3 5 ∞

Â êà÷åñòâå ðåçóëüòàòà Maple âûäàë äâà èíòåðâàëà, ïðè÷åì  âûðà-
æåíèå RealRange - óêàçûâàåò íà âåùåñòâåííóþ ÷àñòü îòâåòà, à âûðà-
æåíèå Open - íà îòêðûòîñòü ãðàíèö èíòåðâàëà.

Ñ ïîìîùüþ êîìàíäû solve ìîæíî òàêæå ðåøèòü êàê ñèñòåìó íåðà-
âåíñòâ, òàê è ñèñòåìó, â êîòîðóþ âõîäÿò è ðàâåíñòâà è íåðàâåíñòâà:

> solve( {x^2*y^3=0, x+y=2, x<>0} );

{x = 2, y = 0}, {x = 2, y = 0}, {x = 2, y = 0}


